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1. Introduction 

Four-dimensional gauged supergravity theories are candidates for a fundamental description 
of cosmological inflation. The gauging generates a potential for the scalar fields, which can 
be compared to the requirements for inflation or for accelerated expansion in general. In 
this context we have been interested in particular in N = 4 supergravity [1, 2]. One reason 
is that gauged N = 4 supergravity can indeed generate a potential with an extremum 
that corresponds to a positive cosmological constant, as was first shown in [3]. However, 
a recent analysis showed that the potential of [3] does not satisfy slow-roll conditions [4], 
This example is only one of a large class of N = 4 models which can be obtained in N = 4 
supergravity by introducing suitable 517(1,1) angles [5]. In [2] all situations where the 
gauged supergravity is coupled to six additional Yang-Mills multiplets, with all possible 
(compact and noncompact) semi-simple gauge groups, were analyzed. Although we found 
examples with a positive extremum of the scalar potential, these cases were not stable 
against fluctuations of all scalar fields. 

The held content studied in [2] can be obtained by dimensional reduction of N = 1 
d = 10 supergravity, which is a second reason for our interest in N = 4 supergravity. 
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Reduction over a torus corresponds to the ungauged supergravity theory. Scherk-Schwarz 
reductions [6] or flux reductions [7] will produce a supergravity in four dimensions in which 
a non-semisimple group is gauged. However, not all four-dimensional cases can be obtained 
in this way, since it is not known how to embed the dependence on the SU( 1,1) angles in 
the reduction procedure. Further versions of N = 4 supergravity were obtained in [8] by 
gauging directly in four dimensions, and in [9, 10] by reduction of IIB supergravity over an 
orbifold. The relation between these different versions requires further elucidation. 

As a first step towards a more complete understanding of gauged N = 4 supergravity 
we consider in this paper the reduction of the dual form [11] of N = 1 d, = 10 supergravity 
over a compact group manifold. The consistency of this procedure is guaranteed, see 
[12, 13] for an extensive discussion and references on this topic. We will limit ourselves to 
the bosonic sector of the theory. The dual version contains a 6-form gauge field as the dual 
of the 2-form of the standard N = 1 theory. The 6-form gauge field reduces to 0-,l-,2-,3- 
and 4-form gauge fields in four dimensions. In this paper we are particularly interested in 
the effect of the 3- and 4-forms. In previous reductions of this dual version [11, 14, 15], 
see also [16] for a review, the role of these forms was not considered in all generality. Our 
reduction will follow the lines of [17], where a similar but more elaborate analysis of the 
2-form reduction was done. 

This paper is organized as follows. In Section 2 we perform the reduction of the dual 
N = 1 supergravity without additional vector multiplets. The result of this reduction is 
sufficient for an analysis of the degrees of freedom which arise from the 6-form gauge field. 
In Section 3 we will present a cohomology technique to obtain the massless and massive 
degrees of freedom for a compact group manifold. In Section 4 we extend the results of 
Section 2 by adding additional Yang-Mills fields in ten dimensions. We then analyze the 
scalar potential in four dimensions of the complete matter coupled system in Section 5. In 
Section 6 we will compare with gauged N = 4 supergravity in four dimensions. 


2. Dual N = 1 D = 10 supergravity and Scherk-Schwarz reduction 

The bosonic fields of N = 1 supergravity in ten dimensions are the metric G, the dilaton 
$ and the 2-form potential B^ 2 \ These can be coupled to Yang-Mills fields A 1 , with gauge 
group Gym- The action in the string frame takes on the form: 

•SVform = J e"' 1 ’ (r* 1 + *d$ A d<h — ±*i7 (3) A tf (3) - Tr *F(A) A F(A)J . (2.1) 

The gauge invariant three-form field strength reads 

H (3) = dR (2) - TV (A A dA + \A A A A A) . (2.2) 

The generators of Gym satisfy Tr TjTj = \8ij- 
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The two-form potential can be dualized to a six-form B^ [11], The action (2.1) 
then becomes 

'Sg-form = SsG + $YM , 

Ssg = j (e” $ (i?*l + *dd* A d$) - ^ *tf (7) A H^ , 

5 Y m = - J (e" $ Tr *F{A) A F(A) - B® A Tr F(A) A F(A)) , 

where H^ = dA>( 6 ). The gauge transformations of B^ are 5B^ = dA( 5 ). 

We reduce the action (2.3a) over a compact group Q [6]. In this section we will limit 
ourselves to the supergravity part (2.3b). We will analyze the result of this reduction in 
Section 3. In Section 4 we will reduce the contribution of the Yang-Mills fields (2.3c). 


The Ansatz for the vielbein is 1 . 

e a = e a , e m = E™\o a - V a ) = E™e a . (2.4) 

The V a = V^dx^ are the Kaluza-Klein gauge fields, and E™ are scalars which make up the 
internal metric G a p = 8 mn E™EVj. The a a are the left-invariant Maurer-Cartan 1-forms of 
the internal group 2 . They satisfy the Maurer-Cartan relation 

dd^-i/V^Aa 7 . (2.5) 

Our parametrization of e a in (2.4) leads to 

de a = -F(V) a - f a ^ AO- \f a ^ A e 7 ' . (2.6) 

F(V), the field strength of the Kaluza-Klein vectors, is given explicitly by 

F(V) a = dV a + [V, V] a = dV a + \f a p 1 V® A V 7 . (2.7) 

The reduction Ansatze for the other fields are given by 3 : 

$ = (j) + \ In | det G a p |, (2.8) 

r(6) — A r( 4 ) i A d(3) i A n(2) z a i ... p a 4 

2! OLlOt-2 ° ° I 3 ! *-> Oil...(A 3 0 0 '4). (Ai...(A4 c ' 0 

+ Ar(!) i A r(°) £ a i ... p a & 12 Ql 

' 51 -°' (Ai...(A5° 0 \ (Ai...a 6 ° ° • \^' v ) 

For the m -forms B we used the shorthand notation 


(2.3a) 

(2.3b) 

(2.3c) 


- IrH 

— m \ v a 1 . 


m = 0 , 1 ,..., 6 , 


( 2 . 10 ) 


1 From now on ten-dimensional fields and indices will be indicated by a hat. The tangent space indices 
are split up as a = (a, m) where a runs over 1, .. ., 4 and m = 1,..., 6, and the curved indices as fi = (f. t, a) 
where n = 1,..., 4 and a = 1,..., 6. Further notational matters are discussed in Appendix A. 

2 The volume of Q is normalized as fg cr 1 A ... A a e = 1. The compactness of Q implies that the structure 
constants are traceless, f a a (3 = 0. 

3 We will omit the A-symbols from now on to simplify the formulae. 
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From the Ansatz (2.9) one obtains the field strength via = d B^\ By substituting 
the expression for B this expands to: 


£r( 7 ) _ \ " 1 TT(m) ('9 111 

12 — / , m\(7-m,y. ai...a m ai...a 7 _ m e e e e . 

m= 1 

The reduction of the action (2.3b) gives the following four-dimensional result: 

5 = 5i + S 2 , (2.12a) 

S\ = J e-t^R+l + i*d0d0 - \G a p*F(V) a F(V) 0 

+ l*DG a/3 DG afS - Vi(G)*l) , (2.12b) 

S 2 = ~lJ ^ det^(i*F( 4 ) fll -“ 3 F< 4 ) tt ,., 3 + i*H^ ai - a4 H^ ai ... a4 

+ ^*iJ (2) « 1 -«5 jH - (2) Qi qs + ^*HW ai "- a *HW ai ... ao ') . (2.12c) 

D is covariant with respect to Scherk-Schwarz gauge transformations. The contraction in 
the F[ 2 - terms is with G a/3 . The scalar potential V\ (G) due to reduction of the gravitational 


sector is given by [6] 

Vi(G) = \ G ai a2 G^ 2 G 7172 f ai p l7l f* 2 p 2l2 + lG a ^f ail P a2f) . (2.13) 

The explicit form of the curvatures H^ is 

H il) ai ...a 6 = DB (0) a i...„ 6 + 15 f l3 [ ai a 2 B {1) a 3 ...a 6 \(3 , (2.14a) 

H^ ai ...a 5 = DB^ ai ... Q5 + B^ aB/3 F(Vf + 10/V« 2 £ (2) a 3 ...« 5 ]/9> (2.1.4b) 

H^ ai ... Q4 = DB^ ai ... aA + B^ ai ... aA pF(yf + 6f [Qia2 B^ a3Q4]p , (2.14c) 

# ( V..a 3 = DB^ ai ... a 3 + B^ ai ... a3l3 F(yf + 3f [Q1Q2 B^ Q3]p . (2.14d) 

The gauge transformations of are 

SB^ ai ... Q6 _ n = DA^ ai ...a 6 . n - A {n ~ 2) ai ... a6 . nP F(Vf ^ 

- i ( 6 - n )(5 - n)f 0 [aioi2 A {n) a3 ...a 6 - n }0 ■ 


The formulation using lower internal indices is particularly useful in our cohomology 
analysis of the Kalb-Ramond degrees of freedom in Sections 3.1 and Appendix B. For other 
aspects of the group manifold reduction it is more convenient to redefine the p-form gauge 
fields by dualizing to upper internal indices: 

^ . (2.16) 

The corresponding curvatures are: 

jj(n)ai...a n -i _ j-)g(n-l)a 1 ...a n - 1 , < n _ _g(n-2)[ai...a n _ 2 _p(y\a n -i] 

V A V ’ (“9 17) 

+ \{n - 1) f [a i /3i/32J Bbd«2...a„-i]/3i/3 2 . 


4 



The reduced gauge transformations of the B^ are 


5B { 4) q i-«4 = D 1$) 
fi£>(3)aia 2 a 3 _ 2) 

5B^ aia2 = DA (1) 
5B {l)ai = DA (0) 
5B (0) = 0. 


a\...a.4 _ 4^?[«l ^y^(2)a2<*3Q!4] _ 2 f^ ai g g ^(4)a2a3<*4]/3i/32 
010203 _ 3_p[oi(y)X(l) a2a 3] — - j[ Q1 p g ^(3)020 3 ]/3l/32 

0102 _ 2F^ ai (C)A ®“ 2 1 — f^ ai /3 1 j3 2 A.^ a2 ^ 0102 , 

Q1 - 3/ Ql /3i/3 2 A (1)/3l/32 , 


(2.18a) 

(2.18b) 

(2.18c) 

(2.18d) 

(2.18e) 


Finally we transform the action (2.12a) to the Einstein frame, and express the result in 
terms of the curvatures (2.17). We find 


s = s 1 + s 2 , 

(2.19a) 

s 1 = 1 (r*1- I*d0d0- G a g *F(V) a F(V) 0 


+ \*DG aP DG a0 - e 0 Ei (G) *l) , 

(2.19b) 

c Q __i [ (l . p -CffW ai - a3 ff( 4 ) i i * &( 3 >"i q 2 rv(3) 

^2 2 / l 31 C ~11 l-L OL\...OL^ \ 2* 11 11 OL\OL2 


+ e<t>*H {2)ai HM ai +e 2 ^H^H^) , 

(2.19c) 


where the contraction in the H 2 -terms is with G a g. 


3. Analysis in D = 4 

The massless 3-form fields and the 4-forms that are obtained from the reduction of B^ do 
not carry physical degrees of freedom. The 3-forms however do modify the scalar potential 
through their vacuum expectation values (vevs). The first part of this section is therefore 
devoted to an analysis of the shift symmetries SB^ ~ / A("> in (2.15) in order to determine 
the (non)physical components of the B^ and their masses, which arise through similar 
terms H^ ~ /B (n) in the curvatures (2.14). Section 3.1 treats the general case, in Section 
3.2 we discuss the example of Q = SU( 2 ) x SU( 2 ). 


3.1 Cohomology of Scherk-Schwarz gauge transformations 

For a generic field 4> with p internal indices we have a local shift symmetry 

f^[aia2 Aa 3 ...a p ]/3 > (3-1) 

a mass term for this field is constructed from 

(m[$]) ai ...Q, p+1 — ./ [aiQ 2 ^a 3 ...a p +i]/3 ■ (3-2) 

We associate with each an element of the set of left-invariant p-forms on Q: 

<S> ai ...a p ~ $ (p) = ^ ai ...a p <T ai ■■■V ap - (3.3) 
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Given the exterior derivative d p : we define its image C l ' p ' 1 = Im(d p _i), its 

kernel = Ker (d p ) and the quotient H ( p ) = Z^/C^ p \ The equations (3.1), (3.2) are 
equivalent to a cohomology problem for the left-invariant forms: 

= dA^ _1 \ m[T (p) ] = d$^ . (3.4) 

A well-known theorem by Chevalley and Eilenberg [18] tells us that this cohomology prob¬ 
lem is equivalent to the usual de Rham cohomology. In particular 

dim = b p , (3.5) 

where b p is the pth Betti number of Q. Since d p is a homomorphism we have 

C (P) ^ nlP-iJ/zlP- 1 ) , (3.6) 


giving us the recurrence relation 


dim C (p+1) = dim Q (p) - dim C (p) - b p = ^ 6 j - bp- dim C (p) 

This recurrence relation can be solved starting from dimC® = 0: 

dimC (0) = 0 

dimC (1) = 1 — 6 q 

dim C' (2) = 5 — 6 i + 6 o 

dim C (:i ^ = 10 — 62 + bi — bo 

dim C l( ' 4) = 10 — 63 + b -2 — b± + 60 

dim C f(5) = 5 - 64 + &3 - &2 + b\ - bo = 5 - x(G) + h - 65 
dim C f(6) = 1 - 65 + 64 - 63 + b-2 - b\ + b 0 = 1 + x(G) ~ h, 

where x(G) is the Euler characteristic 


(3.7) 


(3.8) 


X(^) = E(-l) r &r 


r =0 


(3.9) 


We draw the following conclusions: 


- The mass terms are invariant under the shift symmetries. 

- A field can be gauged away if <3?^ G C^ p \ These fields do not have mass terms. 

- If and only if a field d>94 ] ias a m ass term, there is a d>( p+1 ) that can be gauged away, 

i.e. is ‘eaten’ by d>^. 

- Physical massless fields are elements of H^ p \ the number of these fields is b p . 

- The number of massive fields in is dimC'9 ,+1 ). 
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field 

features 

dimension 

# DOF 

B® 

gauge 

dim e® 

0 


massive 

dimC® 

0 


massless 

b- 2 

0 

B® 

gauge 

dim C® 

0 


massive 

dim C® 

1 


massless 

63 

0 

B® 

gauge 

dim C® 

0 


massive 

dim C® 

3 


massless 


1 

B ® 

gauge 

dimC® 

0 


massive 

dim e® 

3 


massless 


2 

B® 

gauge 

dim e® 

0 


massive 

0 

1 


massless 

bo 

1 


Table 3.1: Result of the analysis of the Scherk-Schwarz gauge transformations of the Kalb-Ramond 
fields S®. Each B ® splits in three parts: gauge degrees of freedom, massive and massless 
components. The third column shows how the dimension of the various spaces C ® and H ® 
determines the number of components of S®. DOF indicates the number of spacetime degrees of 
freedom for each choice of the 6 — n internal indices. Hence the total number of degrees of freedom 
per field is obtained by multiplying horizontally. 


In this context the fields B ® in four dimensions are interpreted as elements of 
for n = 0,... ,4. The implications for these fields are presented in Table 3.1. The total 
number of physical degrees of freedom in four dimensions is obtained by taking, for each 
row of Table 3.1, the product of the dimension in the third, and the number of degrees of 
freedom in the fourth column, and by summing these products. Using (3.8) one finds that 
this sum is 28 + x(f?). For a compact connected group, x(S) = 0 (see e.g. [19]); we thus 
recover the 28 degrees of freedom of the ten-dimensional I?®. 

We conclude from the above cohomology analysis that we can give a vev to a B ® if 
63 7 ^ 0. This is always the case, since for any compact nonabelian group there is a nonzero 
harmonic 3-form 

^3 = Tr(g~ 1 dg Ag^dg Ag^dg), g € Q . (3.10) 

In the case of 7?® the equation of motion is algebraic, it sets, in the absence of Yang- 
Mills fields, certain components of i7® to zero. The 62 massless components in Table 3.1 
do not appear in the action at all, and never give rise to fluxes. 

If Q is semi-simple, 61 = 65 = 0. Combining this with bo = b$ = 1 and x(f?) = 0, we 
see that all vectors B ® ca n be gauged away. 

Explicit examples of the analysis for specific group manifolds are given in the following 
subsection, and in Appendix B. 
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field 

features 

dimension 

# DOF 

total DOF 

£(4) 

gauge 

6 

0 

0 


massive 

9 

0 

0 


massless 

0 

0 

0 

£( 3 ) 

gauge 

9 

0 

0 


massive 

9 

1 

9 


massless 

2 

0 

0 

£( 2 ) 

gauge 

9 

0 

0 


massive 

6 

3 

18 


massless 

0 

1 

0 

bw 

gauge 

6 

0 

0 


massive 

0 

3 

0 


massless 

0 

2 

0 

s(°) 

gauge 

0 

0 

0 


massive 

0 

1 

0 


massless 

1 

1 

1 


Table 3.2: Result of the analysis of the Scherk-Schwarz gauge transformations of the Kalb-Ramond 
fields B O) for the group 51/(2) x SXJ{ 2), in the reduction of B^ from 10 to 4 dimensions. See the 
caption of Table 3.1 for more details. In the last column we indicate the total numbers of degrees 
of freedom. 


3.2 Analysis for 577(2) x 577(2) 

In this subsection we will work out the example of the gauge group S77(2) x 577(2). We 
first give the results following the methods of Section 3.1. Then we rederive the results by 
analyzing the Scherk-Schwarz gauge transformations explicitly. 

For SU (2) x SU (2) the Betti numbers are given by 

G = 577(2) x 577(2) =► (b 0 , ...,b 6 ) = (1,0,0,2,0,0,1) (3.11) 

The resulting degrees of freedom are given in Table 3.2. B ^ and B 1 '^ give only massive 
degrees of freedom, which are therefore stabilized. The single massless degree of freedom 
corresponds to the axion. 

In our explicit analysis we indicate the six internal directions by indices a, 6,... = 1,2,3 
and a, 6,... = 4,5, 6, with one 577(2) gauging the a, b, . .., and the other the a,b,.. . direc¬ 
tions. In this analysis, which uses (2.17, 2.18), we first investigate which field components 
of B (n) can be gauged away by the shift transformations involving A^ n \ and then look at 
the impact of this process on the equations of motion. 

To start, all six vectors 7K 1 ) can be gauged away by the transformations 

6B^ a = -\f a cd A (1)cd , <7B (1) “ = -\f- c d A (1)5d ". (3.12) 

Note that this does not involve the parameters A aa , which therefore remain free. The 
vectors which we gauge away will contribute to masses for B^ ab and B^ ab . These mass 




terms are invariant under the shift transformations of B^ 2 \ due to the Jacobi identity for 
the structure constants. The remaining fields B^ aa transform as 

5B (2 )“ = ~(f a cd K^~ acd - f & sS A. ( ® aeS ) • (3.13) 

This implies that these components of B ^ can be gauged away. The components 

Bf a ~ a = f a cd B^~ acd - f_^ a ~ cd (3.14) 

then become massive. All this implies that 6 vectors are gauged away, there are 6 massive 2- 
forms corresponding to 18 degrees of freedom, and 9 massive 3-forms, which have 9 degrees 
of freedom. Together with the axion B we find the 28 degrees of freedom of B^. 

For B ® the remaining components are B^) abc and B^ abc , which are both gauge 
invariant under SU (2) x SU (2) and cannot be gauged away, and the symmetric combination 

Bf )a ~ a = f a cd B ( ^~ acd + f a - cd B^ a ~ cd . (3.15) 

Under the shifts of B ® this transforms as 

6B$ )a& = -3/“ cd /“ ad -A( 3 ) c ^" , (3.16) 

so that these symmetric components can be gauged away. This implies that the terms 
involving B^ abab remain in the action. In fact, they are (for the chosen gauge group) the 
only components of B^ which appear in the action in the first place. 

The other components of B^ and those of B ^ can be treated as follows. The com¬ 
ponents B^ abc and B&) abc are gauge invariant, and they do not appear in H^\ Their 
field equation is therefore simply: 

D(e-^H {4) abc ) =0, D(e~**H {4) - al5 ) =0, (3.17) 

where internal indices have been lowered with the internal metric. We conclude that these 
components of give two independent constants: they are the B ® vevs discussed in 
Section 3.1. These vevs are precisely those given by (3.10) for the two ,SU(2)-f'actors: 

~ mi e abc a a a b a c + m 2 e^lc o a a b a c . (3.18) 

Of course in this analysis we ignore the interaction with other fields, we will come back to 
the complete equations of motion in Section 5. 

The equation of motion of the remaining B^ components is 

H {4) a - Cd f a cd + H {4) -acdfcd = 0, (3.19) 

thus putting the field strengths of the unphysical symmetric combination B y s aa to zero. 

Therefore we see that the propagating degrees of freedom in this case come from B^ ab 
and and the B^ aa (3.14). This of course agrees with the cohomology analysis in 

Section 3.1. The nonpropagating degrees of freedom B^) abc and B^) abc lead to constant 
components of which contribute to the scalar potential. 
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4. Coupling to Yang-Mills multiplets 


In this section we reduce the Yang-Mills sector (2.3c). The Ansatz for the ten-dimensional 
Yang-Mills field is 

A 1 = A 1 a e a + A 1 Q e a . (4.1) 

The field strength can then be obtained from F(A) 1 = dA 1 + (A A A) 1 with the result 4 : 

F(A) 1 = G 1 + DA 1 a e a + i^ 7 QlQ2 e ai e" 2 , (4.2) 

where we use the following definitions: 

F(A) 1 = dA 7 + \f JK A J A K , (4.3a) 

G / = T(A) / -A / q F q (Y), (4.3b) 

DA J a = dA 7 « + f ai V^A% + f I JK A J A K a , (4.3c) 

F 1 ai a 2 = f 1 JI<A J ai A K a 2 - A\p aia2 . (4.3d) 

The ten-dimensional Chern-Simons form C can be rewritten as 

C = Tr(idi + fiii) = \A ! F{A) 1 - ±f I JK A I A J A K . (4.4) 

Substitution of the Ansatz (4.1) gives 

C = C& + C^ a e° + ±CW aia2 e ai e a2 + jrC^ aiQ2 a 3 e ai e a2 e a3 , (4.5) 

where 

C (3) = i(A 7 G 7 - \f JK A 1 A j A k ) , (4.6a) 

C^ a = liA'DA^ + A 1 aG 1 - \f ! j K A 1 A J A K a ), (4.6b) 

C (1) Q1Q2 = -\A T A 1 7 / 7 ai a 2 - A I [ ai DA I a2 ], (4.6c) 

C(°) Q1Q2Q 3 = f 1 jkA 1 ai A J Q2 A k a3 - | A 1 [ai f 5 ^A 1 5 . (4.6d) 

The reduction of the ten-dimensional action (2.3c) is facilitated by using d C = \F : F 1 to 
write 

£cs = A Tr (F A F) = —H^ a C® + total derivative. (4.7) 

After some algebra one obtains the following contribution to the four-dimensional action: 

£ cs = -H^C^ - H^ a C^ a - T-i7 (3)aia2 C'( 1 ) QlQ , 2 - i# (4)aia2a3 C(°) aia2a3 , (4.8) 


which after a partial integration gives 

£ cs = - B^^G 1 DA 1 a + - DA 1 ai DA 1 a2 )B^ 011012 

— lRp) a l a 2 a 3 nh T -7 I lfj(4)«l...«4d 'E’l ^ ^ 

2 ±J IS OL-^J 0^2 c^3 I g J J J OL\OL2' r CX3CA4 * 

4 In the following D stands for a covariant derivative which is covariant with respect to both the Scherk- 
Schwarz and Yang-Mills gauge transformations. Again we omit the A-symbols. It should be kept in mind 
that A 1 is the one-form corresponding to the gauge vector, while A 1 a are scalar fields. The internal indices 
a, f 3 ,... are therefore always written explicitly. 
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We now give the complete four-dimensional Lagrangian with Yang-Mills fields, in the 
Einstein frame: 

C = C\ + C-2 + £3 + £4 , 

A = \T I 9 (r - - \e-^F{y)^ a G a pF{yr^ 

+ \D ll G a eD> l G a ^ ( FV x (G)) , 

+ iH (3 \uX aia2 H {3)fluX0l()2 G ai01 G a202 

l 1 „-</>£>( 4 ) 0^203 tt ( 4 ) fMuXpdi 02 03 r< n a n a \ 

1 2 - 3 ! 4 ! c 11 p>v\p 11 Ksr ailJi Kjr a2/J2 K ^ct3lJ3 J ? 

A = + \ e +D^A 1 a tT A 1 pG# 

+ \e 2 * F 1 a^F 1 0l02 G a ^G a ^) , 

A = -e^(is(0)GVG 7 A P - \B {1 \ a G 1 vxDpA 1 Q 

+ - D^A 1 a D v A 1 p ) 

~ 2 ^! + g^T B^^xp^F^pF 1 ^) ■ 

5. Scalar potential and extrema 

In this section we will analyze the scalar potential. The potential consists of V\ (G) (2.13) 
and terms involving the Yang-Mills scalars - the last term in (4.10d). In addition there 
are contributions from the vevs which can be introduced using H l 4 ) - the last term in 
(4.10c), see sections 3.1 and 3.2. Note that in introducing these vevs we solve the equation 
of motion for certain components of B^ 3 \ These solutions should not be substituted back 
into the action, and therefore we will determine the potential from the equations of motion. 
To show that the same modified scalar potential appears in different equations of motion 
we work this out using an appropriate subset of fields from (4.10), namely the metric, the 
dilaton (f>, the scalars G a0 and B^\ Later in this section we will investigate the complete 
equations of motion. 

We therefore consider the following action (see also [20]): 

s = j d 4 x V=g{R - ^ W + \dpG a0 d^G a ^ - e^ Vl(G) 

1 G aG aG a ffl 4 ) 0130203 u( 4 ) 0 1 0203 P 1 -Pa\ 

2-314! ^0301^0202'~ r O303 11 P1-.-P4 11 J ■ 

The equations of motion read: 

Rpu ~ \gpvR = -|tr d^Gd v G~ l + + g llv (^tr 8GdG~ l - {dfidc/)) 

+ - b^H 2 ) - \g^V 1 (G ), 

0 = U<j>- eVi(G) + ^e^H 2 , 


(5.1a) 

(5.1b) 


(4.10a) 

(4.10b) 

(4.10c) 

(4.10d) 

(4.10e) 
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0 = i(G _1 (DG)G _1 - UG~ l ) aP - ~ e^-^-V^G ), (5.1c) 

0 = V w (e-^( 4 )^-^ aia2a3 G QlA G a2ft G Q3/33 ) . (5. Id) 

We have used the abbreviations 

H 2 = G aii 3j G a2 /3 2 G a3 /3 3 fiv\p aia2as ; 

(#V = , (5.2) 

(. H 2 ) at3 = G 7l5l G 72< 5 2 # (4) ^A P a7l72 ^ (4) ^ Ap/35152 • 


We now dehne 'H a g 1 by 


G ! ai/3lG ! «2/32^ , 03/33^^MlM2M3M4 1 “ 3 — e< ^ £ HllJ.2V3lM ■ 

(5.3) 

The equation of motion (5.Id) implies that HaP'y is constant 
can now be expressed in terms of 

. The equations (5.1a-5.1c) 

0/2 — n_/ n_/ r-iOLOL 1 s~i3B r 

ri = rta(3^ria' / 3 '^y'C j ^ C_r . 


(5.4) 

The result is 



B, lv - \gp U R = -|tr dpGdvG 1 + \d^d v 4) + g^i^tidGdG 1 - \d<j>d^>) 

-mi g^^n 2 -\gp V ^v x {G), 

0 = U(j>- e* Vi(G) - ^e^n 2 , 

0 = i(G- 1 (DG)G- 1 - UG~ 1 )^ - + Li(G)) . 

(5.5a) 

(5.5b) 

(5.5c) 

Here we use that 

(H) 2 ^ = t^J, n 2 . 

a(3 

Hence the potential has effectively changed to 


(5.6) 

V eS (G)=e^(v 1 (G) + ^n 2 ). 


(5.7) 


The complete scalar potential also includes the contributions from the Yang-Mills fields. 
But also the equations of motion of B ® and will be modified by Yang-Mills contri¬ 
butions, and in case of B the equation of motion contains additional terms due to the 
appearance of B ® in H (3) . 

Let us continue the analysis for the specific case Q = SU(2) x SU( 2). Then the B ® 
contributions in H ® lead to the 9 massive degrees of freedom given in Table 3.2. These 
massive fields do not appear in the potential, so we do not consider them in this analysis. 
The complete equation of motion for B ® reads: 

(e-^H^^^ s G ail3 G a2l G a3 s) 

- e^DpA 1 ^ 1 ^ + H^^G p5 G l[ai f s a2Ct3] = 0, (5.8) 
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while for we find 


i^^ [aia2 ^ asa4] + H {4) ^ Xp (S [aia2 f a3 a 4 ] = 0 , (5.9) 

where the indices on have been lowered with G a p. Equation (5.9) can be rewritten 
with the use of (5.3): 


[aiQ2'^ r 0:30:4] T C 030:4] 


= 0 . 


(5.10) 


Note that for C? = SU{ 2) x 577(2) (5.10) does not constrain or 7i n i g . These are the 
fields for which we will turn on a nonzero vev, following Section 3.2. 

To proceed we make an additional simplification. We truncate the scalar sector to only 
the singlets of Q. That implies 


Gab — G\ Sab 1 G nb — G-2 S ab , G a a — 0, (5.11a) 

A 1 a = 0. (5.11b) 

This truncation is well known in the analysis of scalar potentials: an extremum in the 
singlet sector is also an extremum of the potential without truncation [21]. The equations 
of motion (5.8) now simplifies, and becomes 

^V,(rt aiQ3tt3 ) + H^ X S [ai f S a2 a 3 ] = 0 • (5.12) 

For the choice 010 : 20:3 = abc the second term in (5.12) vanishes and H a b Cl and similarly 
Babci i s constant. In this truncation we may therefore use the simplified analysis at the 
beginning of this section, and are again led to the potential (5.7). 

In the analysis of the potential we write 


7~tabc 74 1 &abc j 74 abc 74 2 ^abc • (5.13) 

In terms of Gi and 74;, i = 1, 2 we find 

kinglet = e*( - |[(Gi)- 1 + (G,)” 1 ] + i [(G,)- 3 ^!) 2 + (G 2 )- 3 (H 2 ) 2 ]) . (5.14) 

The minimum value for fixed is at Gi = 74i, G 2 = 74 2 and reads 

<5 - 15) 

The potential in this extremum with respect to the G; is a negative function of the dilaton. 

6. Comparison with gauged TV = 4 supergravity and conclusions 

We performed the Scherk-Schwarz reduction of the 6-form version of N = 1, d = 10 
supergravity. The result (4.10) contains a scalar potential that receives contributions of 
the form (5.7) from the vevs 74 a /3 7 of certain components of the 3-form fields B^\ In the 
reduction of the 2-form version the potential takes on a similar form [17]. There the 74 are 
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constant fluxes of the 2-form along cycles of the internal space. We analyzed in particular 
the case Q = 51/(2) x SU( 2) and verified that, in the restriction to singlets of the gauge 
group, the potential (5.14) is identical to that of [17]. This potential has a minimum in the 
directions parametrized by G\ and C? 2 . In contrast with the torus reduction - where the 
6-form yields 15 massless scalars and 12 massless vectors (see Appendix B.l) - the Scherk- 
Schwarz reduction over SU (2) x SU (2) yields only massive degrees of freedom: six 2-forms 
and nine 3-forms. This is also the case in the reduction of the ten-dimensional 2-form (see 
Appendix B.3). The above is with the exception of the axion, which is massless in all these 
cases and does not appear in the scalar potential. The stabilization of the dilaton and the 
axion requires methods beyond the Scherk-Schwarz reduction used in this paper. 

We now want to compare our results, in the absence of Yang-Mills fields, to those of 
gauged N = 4 supergravity in four dimensions. This comparison is facilitated by the analy¬ 
sis of [17], where the gauge groups associated with the Scherk-Schwarz and flux reductions 
were identified. In the absence of Yang-Mills fields there are 12 generators, satisfying the 
algebra ( i,j = 1,... ,6): 

[T i ,T j \ = f ij k T k + Pf ij k P k , 

[T i ,P j } = f ij k P k , (6.1) 

[Pi- Pj\ = o. 

For (3 = 0 this is the algebra associated with the Scherk-Schwarz reduction, (3 introduces 
the 3-form fluxes. For i,j = 1,2, 3, and f t] k = it corresponds to the group 050(3, 0,1) 
[22]. 

We start with the formulation discussed in [1, 2], where we limit ourselves to the case 
of gauged supergravity with six additional vector multiplets. This field content corresponds 
to that of the reduction discussed in Section 2. The scalars in [1, 2] are the dilaton and 
axion in the SU(1,1)/U(1) coset, and scalars which parametrize an 50(6,6)/50(6) x 
50( 6) coset. These are expressed in terms of Z a R , R = 1,... , 12, a = 1,...,6, with 
constraint Z a R i]RsZb S = — <W Here t]rs is the SO(6, 6) invariant metric, chosen to be 
diag (—1,..., —1,1,..., 1). The scalar potential reads 

Vo = + lZ™))f BS Tluvw , (6.2) 


where Z RS = Z a R Z a s and .fnST = riRuf U ST ■ Note that Z RS is not an element of 50(6,6), 
but W RS = ij RS + 2 Z RS is. 

To establish the precise correspondence between [17] and [1, 2], one has to identify the 
fields and structure constants. In [17] the 50(6,6) structure is described relative to the 
metric 


0 1 6 

h 0 


(6.3) 


The conversion to the metric r] involves J: 


J_( h -h\ 

'/2 y - \ ~ ^6 J 


T) = JLJ- 1 . 


(6.4) 
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Similarly, the scalar matrix M of [17] is related to W = + 2 Z by W = JMJ 1 . The 

identification is (see e.g. [23]) 

Z a R = i (e~\ 1 + 5) + E t , -O" 1 (1 - 5) + £ T ) , (6.5) 

where E and B are 6x6 matrices. G = EE T are the scalars from the reduction of the 
metric and B the scalars from the 2-form. The structure constants in (6.1) should also be 
transformed by multiplication with J. For the gauge groups used in [17] one always (also 
when including the Yang-Mills contribution) has the property 

^RU^SV^TW f RST f uvw = o . (6.6) 

Thus the results of [17] all fit into the formulation of [5]. 

We now choose the structure constants fi k in (6.1) to be those of SU{2) x 517(2). 
The potential (6.2), restricted to singlets (B = 0, G as in (5.11a)) then becomes 

Vi = e*(Vh + V 22 ), (6.7) 


where 

Vu = 4(3(G;)” 1 - C 3i)\Gi r 3 ) . (6.8) 

The parameters (3i are the same as the flux parameter /3 in (6.1), we now have one of 
these for each factor of the gauge group. This is the same (up to a normalization) as the 
Scherk-Schwarz potential including the vevs Hi, if we identify fa = Hi. We see therefore 
that this case can be reproduced directly by a gauging in four dimensions. 

However, these reductions do not give all gaugings in four dimensions. In the gauging of 
a direct product group (/ gauge in N = 4, d = 4 supergravity, an £17(1,1) angular parameter 
a can be introduced for each factor of t/ gauge [5]. These change in particular the dependence 
of the potential (6.2) on the dilaton and the axiom We considered this in detail for the 
gaugings of semisimple groups in [1, 2], The Scherk-Schwarz reductions however yield non¬ 
semisimple gauge groups and it is interesting to see the effect of SU( 1,1) angles on such 
gaugings. The reduction over SU( 2) x SU( 2) yields two copies of (6.1) with fij k = Sijk, 
i.e. f? ga uge = (750(3,0,1) x 050(3,0,1). We can thus introduce two angles oti and find 
the following potential (£ is the axion): 


V 2 = e^Vii^sinai — cosau ) 2 + V 22 (£ sin a 2 — cosa ^) 2 

+ e~ 2<t> {Vu sin 2 a\ + V 22 sin 2 a 2 )^j 

- 7 sin(«i — a 2 ) (3 — 77 -^ (3 — 

4 s/G^ V 2 4 Gj\ G 2 

For ot\ = ca 2 = 0 this reduces to (6.7). For other values of the angles an extremum can be 
found for dilaton and axion if 



A = 4sin 2 (ai — a 2 ) VnV 22 > 0. 


( 6 . 10 ) 
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If this condition is satisfied the potential in the dilaton-axion extremum takes on the form 


v 2A4> = sVa- 


4 s/G^ 


sin(ai — a 2 ) ( 3 



( 6 . 11 ) 


where S is the sign of V\ \ sin 2 a\ +V 22 sin 2 a 2 . This potential has an extremum at G\ = Pi, 
G 2 = p 2 , the same values as for (5.14). The value of the potential in this extremum is: 


Un i n 


1 


s/Jhlh 


(j^S | sin(ai — 0 : 2 )! — sin(ai — a 2 )^j . 


( 6 . 12 ) 


This can be positive or negative for appropriate choices of the angles ot\ and a 2 . In 
the extremum the value of S is negative. The extremum is at a positive value of V for 
sin(ai — a 2 ) < 0. In this case all second derivatives of the potential in the extremum 
vanish. Expanding around the extremum one finds that in the G\ and G 2 directions the 
leading term is cubic function of G{ — 2, while in mixed direction the potential is quartic 
and has a maximum. We emphasize the point that in contrast to (5.14) the potential (6.9) 
has an extremum in all variables. 

In this paper we have restricted the analysis of the potentials to the singlet sector. 
This truncation has the property that extrema in these singlet variables are also extrema 
in the full theory. Nevertheless, the singlets do not determine the full structure, and it 
would be interesting to extend the analysis to all fields. 

We have found that the results of the reduction of the N = 1 d = 10 theories in ten 
dimensions of [17] and of this paper are related to a gauged N = 4 supergravity in four 
dimensions. In particular, the scalar potentials are the same. This does not necessarily 
imply that the four dimensional theories are equivalent. From the reduction we find massive 
two- and three-forms. Although the number of degrees of freedom is the same as in gauged 
N = 4 supergravity, the degrees of freedom are represented by different fields. It would be 
interesting to develop an N = 4 supergravity in terms of higher-form fields directly in four 
dimensions and to consider the possible gaugings. 

The gauge group (6.1) is not semisimple, and therefore the analysis of [1, 2] does not 
apply. It will be interesting to systematically extend this analysis to more general groups. 
It remains an interesting problem to establish a relation between string theory and the 
SU( 1,1) angles in d = 4. 
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A. Notation and conventions 

Our line element is ds 2 = g^dx 11 <8> dx 1 ' = rj a be a <8> e b with r) a b = diag(—1, +1, +1,...). The 
e“ are vielbein 1-forms, e a = e“dx p . The permutation symbol i is defined by 

02 ...d = +1, = —1 . (A.l) 

The Levi-Civita tensor is defined by: 

... Md = ee M1 ... MD , , with e 2 = -dety. (A.2) 

p-forms are normalized as follows: 

d (p) = dx pl A ... A dx Mp = ^A ai ... ap e ai A ... A e“ p , (A.3) 

where 

dx pl A ... A dx pp = dx M1 <g>... <g> dx Mp ± permutations. (A.4) 

The exterior derivative d acts as: 

(dA) Ml ... Mp+1 — (p + A M2 ... Mp+1 ] . (A.5) 

The Hodge dual is defined by: 

(*A) M1 = -jjEfj’i—fi'q 1 p A ! / 1 ... ! / p , (A.6) 

where q = D — p. Thus (*) 2 = (—)P9-i anc [ 

*A( p ) A = A4..., p B' tl -' lp *1, (A.7) 

where *1 = edx 1 A ... A dx D is the volume form. We follow the conventions of [17] for the 
Riemann tensor. 

B. Examples of the cohomology 
B.l 6-Torus reduction of the 6-form 

The 6-torus is a group manifold, T 6 = U{ l) 6 , hence the analysis of Section 3.1 can be 
applied. The cohomology of T 6 is generated by the left-invariant 1-forms dy* £ u(l)*, 
i = 1,..., 6. We have 



dim = 0 , n = 0, ..., 6 . (B.l) 

There are no local shift symmetries, therefore only massless states will occur. There are 
15 (scalar) states from B^ 2 \ 12 states from fA 1 ) and one axion from B^°\ as can be read 
off from Table 3.1. The massless 2-forms can be dualized to scalars in four dimensions. 
The number of possible vevs for B A) is 20, which are precisely those in the span of 

(A 3 dy*). 
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field 

features 

dimension 

# DOF 

total DOF 

£(4) 

gauge 

3 

0 

0 


massive 

9 

0 

0 


massless 

3 

0 

0 

£(3) 

gauge 

9 

0 

0 


massive 

9 

1 

9 


massless 

2 

0 

0 

£(2) 

gauge 

9 

0 

0 


massive 

3 

3 

9 


massless 

3 

1 

3 

BW 

gauge 

3 

0 

0 


massive 

0 

3 

0 


massless 

3 

2 

6 

s(°) 

gauge 

0 

0 

0 


massive 

0 

0 

0 


massless 

1 

1 

1 


Table B.l: Result of the analysis of the Scherk-Schwarz gauge transformations of the Kalb-Ramond 
fields B O) for the group SU( 2) x t/(l) 3 , for the reduction of B^ from 10 to 4 dimensions. See the 
caption of Table 3.1 and 3.2 for more details. 


B.2 Q = SU( 2) x U{ l) 3 reduction of the 6-form 

The Betti numbers of SU{ 2) and U( l) 3 are given by 

X 0 U{2 \..., bf Ui[2) ) = (1,0,0,1), (6^ (1)3 ,..., 6^ (1)3 ) = (1,3,3,1) (B.2) 

and we use Kunneth’s formula to obtain the Betti numbers of Q = SU( 2) x U( l) 3 : 

b G r= Y, b m {2 X {1) \ X ,..., 6g) = (1,3, 3,2, 3,3,1). (B.3) 


n-\-m=r 


The resulting degrees of freedom are given in Table B.2. Of course the total number of 
degrees of freedom, the sum of the numbers in the last column in Table B.2, is again 28. 

There are 9 massive degrees of freedom in . The two massless components in #(3) 
allow us to introduce vevs, they correspond to the 3-forms 


ctW, and dy 1 dy 2 dy 3 , (B.4) 

where cr a £ su(2)* and dy l £ u(l)*. The massless components of B^ do not appear in 
the action and do not give rise to vevs. There are 3 massive 2-forms, as well as 3 massless 
ones. The latter can be dualized to scalars and may contribute to the potential. There 
are three vectors that can be gauged away, corresponding to 577(2), and three massless 
physical vectors corresponding to U(l) 3 . The single scalar B^ is the axion. 
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field 

features 

dimension 

# DOF 

total DOF 

£( 2 ) 

gauge 

0 

0 

0 


massive 

0 

0 

0 


massless 

1 

1 

1 

BW 

gauge 

0 

0 

0 


massive 

6 

3 

18 


massless 

0 

2 

0 

r(°) 

gauge 

6 

0 

0 


massive 

9 

1 

9 


massless 

0 

1 

0 


Table B.2: Result of the analysis of the Scherk-Schwarz gauge transformations of the Kalb-Ramond 
fields B (") for the group 5/7(2) x 5/7(2), for the reduction of B^ from 10 to 4 dimensions. See 
the caption of Table 3.1 and 3.2 for more details. 


B.3 Q = 5/7(2) x 5/7(2) reduction of the 2-form 

Another interesting example is the reduction of a 2 -form field B ^ from 10 to 4 dimensions 
[17, 23]. In this case we obtain 2-, 1-, and 0-forms: B^ 2 \ B^ a and B^ a p respectively. 
We consider Q = 5/7(2) x 5/7(2), of which the relevant Betti numbers are 

(bo,---,b 3 ) = (1,0,0,2). (B.5) 

The dimensions of the spaces are dim C' ( h = dimC^ 1 ) = 0, dim = 6 , dimC® = 9. 
The resulting degrees of freedom are given in Table B.3. There is a massless 2-form (which 
can be dualized to an axionic scalar), there are six massive vectors, and nine massive 
scalars, giving again a total of 28 degrees of freedom. 

These are the same number of degrees of freedom as for the 6 -form case (Table 3.2): 
the massless now appears as a two-form, the 9 degrees of freedom represented by 3-forms in 
Table 3.2 now appear as scalars, the massive 2-forms from Table 3.2 now appear as vectors. 

For the T 6 reduction of the 2-form version we have ( 6 o,/h,/> 2 ) = (1,6,15), giving 
massless degrees of freedom only: 1 for B ^ (the axion), 6 massless vectors for B^\ and 
15 massless scalars for B^°\ Again these are the same degrees of freedom as obtained from 
a reduction of the 6 -form (see Appendix B.l). 
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